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STRATIFICATIONS OF ALGEBRAS WITH TWO SIMPLE MODULES
QUNHUA LIU AND DONG YANG
Abstract. Let A be a finite-dimensional algebra with two simple modules. It is shown that
if the derived category of A admits a stratification with simple factors being the base field k,
then A is derived equivalent to a quasi-hereditary algebra. As a consequence, if further k is
algebraically closed and A has finite global dimension, then A is either derived simple or derived
equivalent to a quasi-hereditary algebra.
MSC 2010 classification: 16E35, 16E40, 16E45.
Keywords: recollement, stratification, quasi-hereditary algebra, derived simple algebra, Hochschild
cohomology.
1. Introduction
Quasi-hereditary algebras, introduced by Cline, Parshall and Scott [5, 20], are finite-dimensional
algebras with certain ring-theoretical stratifications, which induce stratifications of their derived
categories with simple factors being finite-dimensional division algebras, due to [6]. One asks
if the converse is true, roughly speaking, if a stratification of the derived category induces a
ring-theoretical stratification of the algebra. This can possibly be true only up to derived equiv-
alence, because the class of quasi-hereditary algebras is not closed under derived equivalence,
see [7, Example] and Section 2.4 for examples.
Question 1.1. Let k be a field and A be a finite-dimensional k-algebra. Assume that D(ModA)
admits a stratification with simple factors being finite-dimensional division k-algebras. Is A then
derived equivalent to a quasi-hereditary algebra?
In this paper, we give a partial answer to the question for A with two (isomorphism classes
of) simple modules.
Theorem 1.2 (=3.6). Let k be a field and let A be a finite-dimensional k-algebra with two
simples modules. If D(ModA) admits a stratification with all simple factors being k, then A is
derived equivalent to a quasi-hereditary algebra.
The key point is to prove that a certain differential graded algebra, which is derived equivalent
to A, has cohomologies concentrated in two successive degrees. This is achieved by comparing
Hochschild cohomologies. As a consequence of Theorem 1.2, there is the following dichotomy,
which was used in the introduction of [18] but was not proved in the literature.
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Theorem 1.3 (=3.7). Let k be an algebraically closed field and let A be a finite-dimensional
k-algebra with two simple modules. Assume that A has finite global dimension. Then A is either
derived simple or derived equivalent to a quasi-hereditary algebra.
Theorems 1.2 and 1.3 are proved in Section 3. In Section 4 we illustrate by an example how
Theorem 1.3 is applied to show the derived simplicity of algebras. More precisely, we construct
a family of algebras An(x, y) with two simple modules for n ≥ 0 and two sequences of positive
integers x, y, which extends the family of algebras An studied by E. Green [10], Happel [13]
and Membrillo-Herna´ndez [18]. We show, by comparing the top Hochschild cohomologies, that
An(x, y) for any n ≥ 3 and any x, y is not derived equivalent to a quasi-hereditary algebra and
hence is derived simple.
Throughout, let k be a field. All algebras and modules are over k. We use right modules.
2. Preliminaries
In this section, we recall the definitions and basic properties of derived categories of differential
graded algebras, Hochschild cohomologies, recollements and stratifications. We also recall the
classification of quasi-hereditary algebras with two simple modules.
2.1. Derived category. We follow [15, 16]. For a differential graded (=dg) algebra A, let D(A)
denote the derived category of (right) dg A-modules. If A is an (ordinary) algebra, considered
as a dg algebra concentrated in degree 0, then a dg A-module is nothing else but a complex of
(right) A-modules and D(A) is the same as D(ModA), the unbounded derived category of the
abelian category ModA of A-modules.
For two dg A-modules M and N , define HomA(M,N) to be the complex whose component
HompA(M,N) consists of homogenous maps of graded A-modules of degree p from M to N , i.e.
HompA(M,N) =
{
f ∈
∏
q∈Z
Homk(M
q, Np+q)
∣∣ f(ma) = f(m)a, ∀m ∈M and a ∈ A},
and whose differential is given by d(f) = dNf − (−1)pfdM for f ∈ HompA(M,N). The complex
EndA(M ) = HomA(M ,M ) is a dg algebra with multiplication being the composition of maps.
For any dg A-module M , by [15, Theorem 3.1], there is a cofibrant dg A-module P together
with a quasi-isomorphism P → M of dg A-modules (called the cofibrant resolution of M). In
this case, there is a natural isomorphism for all p ∈ Z
HomD(A)(M,N [p]) ∼= HpHomA(P,N).
We refer to [17, Section 2.12] for the definition of cofibrant dg module and remark that if A is
an algebra then a bounded complex of finitely generated projective A-modules is a cofibrant dg
A-module.
A dg A-module M is compact in D(A) if M belongs to per(A) = thick(AA), the smallest
triangulated subcategory of D(A) which contains AA and which is closed under taking direct
summands. It is a compact generator of D(A) if thick(M) = per(A). In the case when A
is an algebra, per(A) is triangle equivalent to Kb(projA), the homotopy category of bounded
complexes of finitely generated projective A-modules. If M is a cofibrant dg A-module and is a
STRATIFICATIONS OF ALGEBRAS WITH TWO SIMPLE MODULES 3
compact generator of D(A), then by [15, Lemma 6.1 (a)] the two dg algebras EndA(M ) and A
are derived equivalent, namely, there is a triangle equivalence
?
L⊗EndA(M ) M : D(EndA(M ))
≃−→ D(A).
Further, two quasi-isomorphic dg algebras are derived equivalent.
2.2. Hochschild cohomology. We follow [14]. Let A be a dg algebra. Then A is a dg A-
bimodule, in other words, A is a dg module over the enveloping algebra Ae := Aop⊗k A. For an
integer p, the p-th Hochschild cohomology of A is defined as
HHp(A) := HomD(Ae)(A,A[p]).
If A is a finite-dimensional algebra over the field k, then HHp(A) = ExtpAe(A,A), which vanishes
for p < 0 and for p > gl.dimA (see [12, Section 1.5]).
Let A be an algebra and B be a dg algebra which is derived equivalent to A. Then by [15,
Section 9], there is a dg B-A-bimodule M such that ?
L⊗B M : D(B) → D(A) is a triangle
equivalence. It follows from [14, Corollary 3.2] that there is an isomorphism for all p ∈ Z
HHp(A) ∼= HHp(B).
2.3. Recollement and stratification. A recollement of derived categories of algebras is a
diagram of triangulated functors
D(ModB) i∗ // D(ModA) j∗ //
i!
jj
i∗tt
D(ModC)
j∗
jj
j!tt
(2.1)
satisfying certain conditions, where A,B,C are algebras. This notion was introduced by Beilin-
son, Bernstein and Deligne in [4] and can be considered as a short exact sequence of derived
categories. We refer to [4] for the precise conditions and provide only a few properties for later
use. For a finite-dimensional algebra A, let r(A) denote the number of isomorphism classes of
simple A-modules.
Lemma 2.1. ([4, 2]) Suppose there is a recollement of the form (2.1). The following hold true:
(a) i∗ and j! are full embeddings and Hom(j!(X), i∗(Y )) = 0 for any X ∈ D(ModC) and
Y ∈ D(ModB).
(b) A has finite global dimension if and only if so do B and C.
(c) If A is finite-dimensional, then so are B and C. In this case, r(A) = r(B) + r(C).
(d) If A has finite global dimension, then j!(C)⊕ i∗(B) is a compact generator of D(ModA).
The recollement (2.1) is non-trivial if both B and C are non-trivial. An algebra A is derived
simple if there are no non-trivial recollements of D(ModA) of the form (2.1). For example, a
division algebra is derived simple.
If A is not derived simple, then there is a non-trivial recollement of D(ModA) of the form
(2.1). If further B and/or C are not derived simple, we can then take a non-trivial recollement
of D(ModB) and/or D(ModC). Continuing this process with every occurring algebra unless
it is derived simple, eventually we obtain a stratification of D(ModA), which is analogous to
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composition series. The derived simple algebras obtained in this process are the simple factors
of the stratification.
Typical examples of stratifications are given for quasi-hereditary algebras ([5, 20]). Let A be
a finite-dimensional algebra and e ∈ A an idempotent. The ideal AeA is a heredity ideal if eAe
is semisimple and AeA is projective as a right A-module. Applying [6, Corollary 3.7] and [2,
Proposition 4.1], we obtain a recollement
D(ModA/AeA) // D(ModA) //
kk
ss
D(Mod eAe).
jj
tt
The algebra A is quasi-hereditary if there is a heredity chain, i.e. a finite chain of ideals
0 = J0 ⊆ J1 ⊆ . . . ⊆ Jm = A
such that Ji/Ji−1 is a heredity ideal of A/Ji−1 for all 1 ≤ i ≤ m. We can refine this chain such
that in each step the semisimple algebra associated to the heredity ideal is simple. Then by
repeating the above construction, we obtain a stratification of D(ModA).
2.4. Quasi-hereditary algebras with two simple modules. Let x, y ≥ 0 be integers. Let
Q(x, y) be the quiver which has two vertices 1 and 2 and which has x arrows α1, . . . , αx from
1 to 2 and y arrows β1, . . . , βy from 2 to 1. Let B(x, y) be the quotient of the path algebra of
Q(x, y) by the ideal generated by the paths βqαp for 1 ≤ p ≤ x and 1 ≤ q ≤ y. It is easy to
check that the global dimension of B(x, y) is at most 2 and that B(x, y) is quasi-hereditary with
heredity chain
0 ⊆ B(x, y)e1B(x, y) ⊆ B(x, y).
Conversely, any quasi-hereditary algebra A with two simple modules whose endomorphism al-
gebras are k is Morita equivalent to some B(x, y), see [18, Theorem 3.1].
We remark that B(x, y) and B(y, x) are Ringel dual to each other, i.e. B(y, x) is the endo-
morphism algebra of the characteristic tilting module over B(x, y) (see [19] for the definition of
the characteristic tilting module). The proof is direct and is left to the reader as an exercise. A
consequence of this fact is that B(x, y) and B(y, x) are derived equivalent.
Next we show that, when x ≥ 2 and y ≥ 1, the quasi-hereditary algebra B(x, y) is derived
equivalent to an algebra which is not quasi-hereditary. So the class of quasi-hereditary algebras
with two simples is not closed under derived equivalence.
Let P1 and P2 be the indecomposable projective B(x, y)-module at vertices 1 and 2, respec-
tively. Consider the map
f = (α1, . . . , αx)
tr : P1 −→ P⊕x2 .
Let T = cok(f) ⊕ P2. It is straightforward to check that T is a tilting module over B(x, y).
(Alternatively, T is the left silting mutation of P1⊕P2 at P1 in the sense of Aihara–Iyama [1]. It
follows that T is self-orthogonal and hence is a tilting module.) The endomorphism algebra E
of T is the quotient of the path algebra of the quiver which has two vertices 1 and 2 and which
has x2y arrows apqr (1 ≤ p, q ≤ x, 1 ≤ r ≤ y) from 1 to 2 and x arrows bp (1 ≤ p ≤ x) from 2 to 1
modulo the ideal generated by the relations
∑x
q=1 bqa
pq
r (1 ≤ p ≤ x, 1 ≤ r ≤ y), apqr bp = ap
′q
r bp′
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(1 ≤ p, q, p′ ≤ x, 1 ≤ r ≤ y) and apqr bp′ (1 ≤ p, q, p′ ≤ x with p 6= p′, 1 ≤ r ≤ y). It is readily
seen that E is not isomorphic to any B(x′, y′), and hence is not quasi-hereditary.
3. The main results
In this section, we prove Theorems 1.2 and 1.3. We show that a finite-dimensional algebra,
which has two simples and whose derived category admits a stratification with simple factors
being the base field k, is derived equivalent to a certain graded n-Kronecker algebra, which is in
turn derived equivalent to a quasi-hereditary algebra. The grading of this n-Kronecker algebra
is determined by comparing Hochschild cohomologies. We start with computing the Hochschild
cohomologies of graded n-Kronecker algebras.
3.1. The graded n-Kronecker algebra: Hochschild cohomologies. Let n ≥ 1 be a posi-
tive integer. Let Q be a graded n-Kronecker quiver, namely, the vertex set Q0 consists of two
vertices 1 and 2, the arrow set Q1 consists of n arrows, which are all from 1 to 2, and to each
arrow we assign an integer. The corresponding graded path algebra Λ = kQ is called a graded
n-Kronecker algebra. We write V =
⊕
p∈Z V
p for the graded vector space of arrows of Q. Thus
V p has a basis formed by arrows of Q of degree p. Then Λ = kQ0 ⊕ V . Written as a matrix
algebra, Λ has the form
Λ =
(
k 0
V k
)
.
Our aim in this subsection is to calculate the dimension of the Hochschild cohomologies
HHp(Λ) of Λ, viewed as a dg algebra with trivial differential. More precisely, we show the
following result.
Proposition 3.1. Let Q be a graded n-Kronecker quiver and Λ = kQ0 ⊕ V its graded path
algebra. Then
dimkHH
p(Λ) =


#{(α, β) ∈ Q1 ×Q1 | degα− deg β = 0} − 1 if p = 1
#{(α, β) ∈ Q1 ×Q1 | degα− deg β = −1}+ 1 if p = 0
#{(α, β) ∈ Q1 ×Q1 | degα− deg β = p− 1} if p 6= 0, 1.
We give two corollaries before presenting the proof.
Corollary 3.2. Let Λ and V be the same as in Proposition 3.1.
(1) The equality dimkHH
p(Λ) = dimkHH
2−p(Λ) holds for all p 6= 0, 1. And dimkHH0(Λ) =
dimkHH
2(Λ) + 1.
(2)
∑
p∈Z dimkHH
p(Λ) = (dimk V )
2 = n2.
(3) Let a and b be the minimal and the maximal degrees of arrows of Q, respectively. Then
HHp(Λ) = 0 unless p ∈ [1 − b + a, 1 + b − a] ∪ {0}. Moreover, HH1−b+a(Λ) 6= 0 if
1− b+ a ≤ 0.
Proof. These follow straightforward from Proposition 3.1.
√
Corollary 3.3. Let Λ and V be the same as in Proposition 3.1. If Λ is derived equivalent to
an algebra, then V is concentrated in at most two successive degrees.
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Proof. If Λ is derived equivalent to an algebra, then HHp(Λ) vanishes for all p < 0. By Corollary
3.2 (3), the latter condition implies 1− b+ a ≥ 0, namely b− a ≤ 1, which, by the definition of
a and b, means exactly that V is concentrated in at most two successive degrees.
√
Now we provide a proof of Proposition 3.1, followed by two examples as illustration.
Proof of Proposition 3.1. Recall that Λe stands for the enveloping algebra Λop⊗kΛ and the p-th
Hochschild cohomology HHp(Λ) is defined to be HomD(Λe)(Λ,Λ[p]). We stress that here Λ and
Λe are viewed as dg algebras with trivial differential and D(Λe) is the derived category of dg
Λe-modules.
First we construct a cofibrant resolution P of Λ as dg Λe-module by using the Koszul bimodule
resolution of Λ. We claim that the following complex is exact and is a projective resolution of
Λ as graded Λe-module:
0 // Λ⊗kQ0 V ⊗kQ0 Λ
f
// Λ⊗kQ0 Λ
mult.
// Λ // 0.
1⊗ v ⊗ 1 ✤ // v ⊗ 1− 1⊗ v
Indeed, by [21, Section 3], this is a projective resolution of Λ as Λe-module if we forget the
grading. Therefore by definition P := Cone(f), where f is viewed as a homomorphism of dg
Λe-modules, is cofibrant over Λe and hence is a cofibrant resolution of Λ.
It follows that
HHp(Λ) ∼= HomD(Λe)(Λ,Λ[p]) ∼= HpHomΛe(P,Λ).
Now P is the mapping cone of f , hence
HomΛe(P,Λ) ∼= HomΛe(Cone(f),Λ) ∼= Cone(HomΛe(f,Λ))[−1].
Further observe the isomorphisms Λ ⊗kQ0 V ⊗kQ0 Λ ∼= V ⊗kQe0 Λe and Λ ⊗kQ0 Λ ∼= Λ ⊗kQ0
kQ0 ⊗kQ0 Λ ∼= kQ0 ⊗kQe0 Λe. So the map f∗ := HomΛe(f,Λ) can be calculated explicitly:
HomΛe(Λ⊗kQ0 Λ,Λ)
f∗
//
∼=

HomΛe(Λ⊗kQ0 V ⊗kQ0 Λ,Λ)
∼=

HomΛe(kQ0 ⊗kQe0 Λe,Λ) //
∼=

HomΛe(V ⊗kQe0 Λe,Λ)
∼=

HomkQe0(kQ0,Λ) //
∼=

HomkQe0(V,Λ)
∼=

e1Λe1 ⊕ e2Λe2
g
//
⊕
ρ∈Q1
e2Λe1[deg ρ]
where e1 and e2 are the two primitive idempotents of Λ. The middle vertical isomorphisms
are obtained by adjunction. The lower vertical isomorphisms are obtained by observing the
two isomorphisms of graded kQe0-modules: V = e2Λe1
∼= ⊕ρ∈Q1((e2 ⊗ e1)kQe0)[− deg ρ] and
kQ0 = (e1 ⊗ e1)kQe0 ⊕ (e2 ⊗ e2)kQe0. We have the formula
dimk(e2Λe1[deg ρ])
p = #{α ∈ Q1 | degα− deg ρ = p}.
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So
dimk(
⊕
ρ∈Q1
e2Λe1[deg ρ])
p = #{(α, β) ∈ Q1 ×Q1 | degα− deg β = p}.
Finally, the map g in the last row is given by g(e1) = (ρ[deg ρ])ρ∈Q1 = −g(e2). In particular, both
the image and the kernel of g are one-dimensional. Since both the domain and the codomain of
g have trivial differentials, the desired formula follows.
√
Example 3.4. Suppose that we have a graded 3-Kronecker quiver with Q1 = {α−1, α0, α2} and
degαp = p for p = −1, 0, 2. Then V = V −1 ⊕ V 0 ⊕ V 2, where each V p is one-dimensional with
basis αp. In this case we have HomkQe0(V,Λ) ∼= V [−1]⊕ V ⊕ V [2].It follows that
dimkHH
p(Λ) =


1 p = −2,−1, 2, 3, 4
2 p = 0
2 p = 1
0 otherwise.
Example 3.5. Let x, y ≥ 0 be integers such that x + y ≥ 1. Suppose that we have a graded
n-Kronecker quiver with n = x+ y, Q1 = {α0,1, . . . , α0,y, α1,1, . . . , α1,x} and degαp,q = p. Then
V = V 0 ⊕ V 1, where V 0 is y-dimensional with basis {α0,1, . . . , α0,y}, and V 1 is x-dimensional
with basis {α1,1, . . . , α1,x}. Here HomkQe0(V,Λ) ∼= V ⊕y ⊕ V [1]⊕x. It follows that
dimkHH
p(Λ) =


xy + 1 p = 0
x2 + y2 − 1 p = 1
xy p = 2
0 otherwise.
3.2. The main results.
Theorem 3.6. Let A be a finite-dimensional k-algebra with two simple modules. Assume that
D(ModA) admits a stratification with all simple factors being k. Then A is derived equivalent
to a quasi-hereditary algebra.
Proof. First we show that such an algebra A must be derived equivalent to a graded n-Kronecker
algebra Λ. By Lemma 2.1 (c), a stratification of D(ModA) has precisely two simple factors,
namely, it is a recollement of the form
D(Mod k) i∗ // D(ModA) j∗ //
i!
jj
i∗tt
D(Mod k).
j∗
jj
j!tt
(3.1)
Take T = i∗(B)⊕j!(C) ∈ D(ModA). By Lemma 2.1 (d), T is a compact generator of D(ModA).
We may assume that T is a bounded complex of finitely generated projective A-modules, in
particular, it is a cofibrant dg A-module. Then A is derived equivalent to the dg endomorphism
algebra Λ˜ = EndA(T ). Written as a matrix algebra, Λ˜ has the form
Λ˜ =
(
EndA(i∗(k)) HomA(j!(k), i∗(k))
HomA(i∗(k), j!(k)) EndA(j!(k))
)
.
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Now by Lemma 2.1 (a), the space HomD(ModA)(i∗(k), i∗(k)[p]) vanishes if p 6= 0 and is k if p = 0.
Therefore, since i∗(k) is cofibrant over A, the dg algebra EndA(i∗(k)) is quasi-isomorphic to k. It
follows that the embedding k ∼= k{idi∗(k)} →֒ EndA(i∗(k)) is a quasi-isomorphism of dg algebras.
For the same reason, the embedding k ∼= k{idj!(k)} →֒ EndA(j!(k)) is a quasi-isomorphism of
dg algebras, and similarly, the complex HomA(j!(k), i∗(k)) is acyclic. Further, we can take a
subcomplex V of HomA(i∗(k), j!(k)) such that the embedding V →֒ HomA(i∗(k), j!(k)) is a
quasi-isomorphism of complexes of vector spaces (thus as a graded vector space V is isomorphic
to
⊕
p∈ZHomD(ModA)(i∗(k), j!(k)[p])). It follows that the embedding
Λ =
(
k 0
V k
)
→֒ Λ˜
is a quasi-isomorphism of dg algebras. Therefore, Λ, viewed as a dg algebra with trivial differ-
ential, is derived equivalent to Λ˜, and hence it is derived equivalent to A.
Now by Corollary 3.3 the graded vector space V is concentrated in at most two successive
degrees. We can assume that V is concentrated in degrees 0 and 1, i.e. V = V 0⊕V 1, by shifting
i∗(B) in the definition of T if necessary.
Next we consider the quasi-hereditary algebra B = B(x, y) for x = dimk V
1 and y = dimk V
0
(see Section 2.4). The derived category D(ModB) admits a recollement of the form (3.1), and
here i∗(k) = B/Be1B and j!(k) = e1B. Direct computation shows that Ext
p
B(B/Be1B, e1B) 6= 0
only for p = 0 and 1; Moreover, dimk HomB(B/Be1B, e1B) = y and dimk Ext
1
B(B/Be1B, e1B) =
x. Therefore, we have isomorphisms of graded vector spaces⊕
p∈Z
HomD(ModB)(B/Be1B, e1B[p]) ∼=
⊕
p∈Z
Ext
p
B(B/Be1B, e1B)
∼= k⊕y ⊕ k⊕x[−1].
Applying the above argument, one sees that B is derived equivalent to the graded n-Kronecker
algebra (
k 0
k⊕y ⊕ k⊕x[−1] k
)
.
This is precisely the algebra Λ we have constructed above.
To summarise, the algebra A is derived equivalent to a graded n-Kronecker algebra, which is
in turn derived equivalent to a quasi-hereditary algebra B. We are done.
√
Next we prove the following dichotomy.
Theorem 3.7. Let k be algebraically closed and A be a finite-dimensional k-algebra with two
simple modules. Assume that A has finite global dimension. Then A is either derived simple or
derived equivalent to a quasi-hereditary algebra.
Proof. Suppose that A is not derived simple. Then the derived category D(ModA) admits a
recollement
D(ModB) i∗ // D(ModA) j∗ //
i!
jj
i∗tt
D(ModC),
j∗
jj
j!tt
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where B and C are non-trivial algebras. It follows from Lemma 2.1 that B and C are finite-
dimensional local algebras of finite global dimension. Thus B and C are Morita equivalent to k,
since the base field k is algebraically closed. Without loss of generality we may assume that B
and C are the field k. As a consequence, the above recollement is a stratification of D(ModA)
with simple factors being k. By Theorem 3.6, A is derived equivalent to a quasi-hereditary
algebra.
√
Some corollaries are given below.
For x, y ≥ 0, consider the graded (x + y)-Kronecker quiver with x + y arrows from 1 to 2,
x of which are in degree 0 and y of which are in degree 1. Let Λ(x, y) denote the graded path
algebra of this quiver. If x = y = 0, then Λ(0, 0) = B(0, 0) is the product of two copies of the
field k. It is known that HH0(B(0, 0)) = k × k and HHp(B(0, 0)) vanishes for p ≥ 1. In the
proof of Theorem 3.6 we have shown that the quasi-hereditary algebra B(x, y) with x + y ≥ 1
is derived equivalent to Λ(y, x). Thus we have by Example 3.5
Corollary 3.8. The dimensions of the Hochschild cohomologies of B(x, y) is given by
dimkHH
p(B(x, y)) =


xy + 1 p = 0
x2 + y2 − 1 p = 1
xy p = 2
0 otherwise
if x+ y ≥ 1,
dimkHH
p(B(0, 0)) =

2 p = 00 otherwise.
There is the following sufficient condition for derived simplicity for finite-dimensional algebras
with two simple modules and of finite global dimension.
Corollary 3.9. Let k be algebraically closed and A a finite-dimensional k-algebra with two
simple modules. Assume that A has finite global dimension. If HHp(A) 6= 0 for some p > 2,
then A is derived simple.
Proof. Suppose that A is not derived simple. Then by Theorem 3.7, A is derived equivalent
to some quasi-hereditary algebra with two simples, i.e. to some B(x, y). By Corollary 3.8, the
space HHp(A) vanishes for all p > 2.
√
Corollary 3.10. There are natural one-to-one correspondences among the following sets:
(i) Morita equivalence classes of quasi-hereditary algebras with two simple modules whose
endomorphism algebras are isomorphic to k, modulo Ringel duality;
(ii) B(x, y) for y ≥ x ≥ 0;
(iii) graded n-Kronecker algebras Λ(x, y) for x ≥ y ≥ 0;
(iv) derived equivalence classes of finite-dimensional algebras with two simple modules such
that the derived category admits a stratification with all simple factors being k.
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Proof. [(ii)↔(iii)] The map B(x, y) 7→ Λ(y, x) is one-to-one and onto.
[(ii)↔(iv)] It follows from Theorem 3.6 that in each derived equivalence class in (iv) there is an
algebra of the form B(x, y) for some x, y ≥ 0. Since B(x, y) and B(y, x) are derived equivalent,
we can choose x and y such that y ≥ x. It remains to show that B(x′, y′) is derived equivalent to
B(x, y) if and only if (x′, y′) = (x, y) or (x′, y′) = (y, x). Suppose that B(x, y) and B(x′, y′) are
derived equivalent. Then they have isomorphic Hochschild cohomologies. Thus by Corollary 3.8
we have 

xy + 1 = x′y′ + 1
x2 + y2 − 1 = x′2 + y′2 − 1
xy = x′y′
or x = y = 0 = x′ = y′.
Solving this equation we obtain (x′, y′) = (x, y) or (x′, y′) = (y, x).
[(i)↔(ii)] First, in each Morita equivalence class in (i) there is an algebra of the form B(x, y)
for some x, y ≥ 0. Secondly, as remarked in Section 2.4, the algebras B(x, y) and B(y, x) are
Ringel dual to each other. Finally, if y ≥ x ≥ 0, y′ ≥ x′ ≥ 0 and (x, y) 6= (x′, y′), then B(x, y)
and B(x′, y′) are not derived equivalent, and hence they are not Morita equivalent.
√
4. An example
Let k be algebraically closed. In this section, we construct a family An(x, y) (n ≥ 0, x, y are
sequences of positive integers) of algebras with two simples. We will show that if n ≤ 2 then the
algebra An(x, y) is isomorphic to a quasi-hereditary algebra; otherwise, it is derived simple.
When x = y = (1, 1, . . .), the algebra An(x, y) is the same as the Fibonacci algebra An
constructed by E. Green [10] and further studied by Happel [13] and Membrillo-Herna´ndez [18].
In [13, 18], it is shown that An (n ≥ 3) is not derived equivalent to quasi-hereditary algebras.
The method used in [18] works for our general An(x, y) with n even but not for n odd. In this
section we provide a different method, which uses the top Hochschild cohomology.
4.1. The construction. Let x = (x1, x2, . . .), y = (y1, y2, . . .) be two sequences of positive
integers. We define a family of algebras An(x, y) recursively as follows.
A0(x, y) is the path algebra of the quiver with two vertices 1 and 2 and without arrows.
Namely, A0(x, y) = k ⊕ k.
A1(x, y) is the path algebra of the x1-Kronecker quiver: it has two vertices 1 and 2, and has
x1 arrows, all of which go from 1 to 2.
For m ≥ 1, the algebra A2m(x, y) is obtained from A2m−1(x, y) by adding ym new arrows
βm,j (1 ≤ j ≤ ym) from 2 to 1 and adding as new relations the paths βm,jαi′,j′ (1 ≤ j ≤ ym,
1 ≤ i′ ≤ m and 1 ≤ j′ ≤ xi′); the algebra A2m+1(x, y) is obtained from A2m(x, y) by adding
xm+1 new arrows αm+1,j (1 ≤ j ≤ xm+1) from 1 and 2 and adding as new relations the paths
αm+1,jβi′,j′ (1 ≤ j ≤ xm+1, 1 ≤ i′ ≤ m and 1 ≤ j′ ≤ yi′).
In other words, the quiver of An(x, y) has two vertices 1 and 2 and has x1+ . . .+x⌊n+1
2
⌋ arrows
from 1 to 2 labelled by αi,j (1 ≤ i ≤ ⌊n+12 ⌋ and 1 ≤ j ≤ xi) and y1 + . . . + y⌊n2 ⌋ arrows labelled
by βi,j (1 ≤ i ≤ ⌊n2 ⌋ and 1 ≤ j ≤ yi). Here for a real number r we denote by ⌊r⌋ the greatest
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integer smaller than or equal to r. The relations of An(x, y) are αi,jβi′,j′ (1 ≤ i′ < i ≤ ⌊n+12 ⌋,
1 ≤ j ≤ xi and 1 ≤ j′ ≤ yi′) and βi′,j′αi,j (1 ≤ i ≤ i′ ≤ ⌊n2 ⌋, 1 ≤ j′ ≤ yi′ and 1 ≤ j ≤ xi).
Notice that A1(x, y) = B(x1, 0) ∼= B(0, x1) and A2(x, y) = B(x1, y1). Thus (up to Morita
equivalence) the set {An(x, y) | n ≤ 2, x, y arbitrary} consists of all quasi-hereditary algebras
with two simple modules.
4.2. The Cartan matrix. Let e1, e2 be the two primitive idempotents of the algebra An(x, y).
Recall that the Cartan matrix Cn(x, y) = (cij) of An(x, y) is the 2 × 2 matrix with entries
cij = dimk(eiAej), which count precisely the paths starting from j and ending at i. One can
check directly that
C0(x, y) =
(
1 0
0 1
)
,
C1(x, y) =
(
1 0
x1 1
)
,
C2(x, y) =
(
1 y1
x1 1 + x1y1
)
,
C3(x, y) =
(
1 + y1x2 y1
x1 + x2 + x1y1x2 1 + x1y1
)
,
C4(x, y) =
(
1 + y1x2 y1 + y2 + y1x2y2
x1 + x2 + x1y1x2 1 + x1y1 + x1y2 + x2y2 + x1y1x2y2
)
.
We will use the following ‘generalized Fibonacci numbers’
F (x, y) = (F0(x, y), F1(x, y), F2(x, y), . . .)
to describe Cn(x, y): Here F0(x, y) = 0, F1(x, y) = 1 and inductively
F2m(x, y) = F2m−2(x, y) + F2m−1(x, y)xm,
F2m+1(x, y) = F2m−1(x, y) + F2m(x, y)ym.
Indeed, F2(x, y) = x1, F3(x, y) = 1 + x1y1, F4(x, y) = x1 + x2 + x1y1x2, F5(x, y) = 1 + x1y1 +
x1y2+x2y2+x1y1x2y2. When x = y = (1, 1, . . .), the generalised Fibonacci numbers are exactly
the usual Fibonacci numbers.
The following lemma can be proved inductively. For a sequence x, let Sx = (x2, x3, . . .) denote
its shift.
Lemma 4.1. The following formulas hold
(1) C2m(x, y) =
(
1 ym
0 1
)
× C2m−1(x, y) =
(
F2m−1(y, Sx) F2m(y, Sx)
F2m(x, y) F2m+1(x, y)
)
.
(2) C2m+1(x, y) =
(
1 0
xm+1 1
)
× C2m(x, y) =
(
F2m+1(y, Sx) F2m(y, Sx)
F2m+2(x, y) F2m+1(x, y)
)
.
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4.3. The quadratic dual. Fix n ≥ 0 and two sequences of positive integers x, y. Let A =
An(x, y).
The quadratic dual A! of A is given by the same quiver as A with relations βi′,j′αi,j (1 ≤
i′ < i ≤ ⌊n+12 ⌋, 1 ≤ j′ ≤ yi′ and 1 ≤ j ≤ xi) and αi,jβi′,j′ (1 ≤ i ≤ i′ ≤ ⌊n2 ⌋, 1 ≤ j ≤ xi and
1 ≤ j′ ≤ yi′). We remark that this is opposite to the usual definition but it is more convenient
for our purpose.
The algebra A! is naturally graded by path length. One checks that the degree p component
(A!)p vanishes for p > n; the degree n component (A!)n has a basis
{βm,j′
m
αm,jm · · · β2,j′2α2,j2β1,j′1α1,j1 | 1 ≤ j
′
i ≤ yi and 1 ≤ ji ≤ xi}
for n = 2m and
{αm+1,jm+1βm,j′mαm,jm · · · β2,j′2α2,j2β1,j′1α1,j1 | 1 ≤ j
′
i ≤ yi and 1 ≤ ji ≤ xi}
for n = 2m+ 1; the degree n− 1 component (A!)n−1 has a basis
{αm,jm · · · β2,j′2α2,j2β1,j′1α1,j1 | 1 ≤ j
′
i ≤ yi and 1 ≤ ji ≤ xi}
∪{βm,j′
m
αm,jm · · · β2,j′2α2,j2β1,j′1 | 1 ≤ j
′
i ≤ yi and 1 ≤ ji ≤ xi}
for n = 2m and
{βm,j′mαm,jm · · · β2,j′2α2,j2β1,j′1α1,j1 | 1 ≤ j
′
i ≤ yi and 1 ≤ ji ≤ xi}
∪{αm+1,jm+1βm,j′mαm,jm · · · β2,j′2α2,j2β1,j′1 | 1 ≤ j
′
i ≤ yi and 1 ≤ ji ≤ xi}
for n = 2m+ 1.
By definition, the algebra A is a quadratic monomial algebra, and hence Koszul by [11, Propo-
sition 2.2]. Therefore, by [3, Theorem 2.10.1] (Reminder: we are considering right modules),
there is a graded algebra isomorphism between the opposite algebra of A! and the Yoneda alge-
bra
⊕
p≥0 Ext
p
A(S1 ⊕ S2, S1 ⊕ S2), where S1, S2 are the two simple modules of A. It follows that
the global dimension of A equals n.
4.4. The top Hochschild cohomology. Fix n ≥ 0 and two sequences of positive integers
x, y. Let A = An(x, y). Since the global dimension of A is n, it follows that HH
p(A) vanishes
for p > n (see Section 2.2). In this subsection, we show that HHn(A) 6= 0. For the case
x = y = (1, 1, 1, . . .), the Hochschild cohomologies of A together with the algebra structure of⊕
p∈ZHH
p(A) were determined by Fan and Xu in [8, 9].
Recall that A is Koszul. Then the Koszul bimodule complex provides a projective resolution
of A as a bimodule, by [21, Section 3]. Since we compute HHn only, it suffices to write down
the components in degrees −n and −n+ 1:
A⊗kQ0 (A!)n ⊗kQ0 A
f
// A⊗kQ0 (A!)n−1 ⊗kQ0 A .
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ThenHHn(A) is the cokernel of the homomorphism f∗ = HomAe(f,A). There are isomorphisms
HomAe(A⊗kQ0 (A!)n−1 ⊗kQ0 A,A)
f∗
//
∼=

HomAe(A⊗kQ0 (A!)n ⊗kQ0 A,A)
∼=

HomAe((A
!)n−1 ⊗kQe0 Ae, A) //
∼=

HomAe((A
!)n ⊗kQe0 Ae, A)
∼=

HomkQe0((A
!)n−1, A) // HomkQe0((A
!)n, A)
where the map on the last row is given by
f∗(ϕ) : ρ1 · · · ρn 7→ ϕ(ρ1 · · · ρn−1)ρn − ρ1ϕ(ρ2 · · · ρn)
for ϕ : (A!)n−1 → A and basis elements ρ1 · · · ρn ∈ (A!)n.
Proposition 4.2. Assume n ≥ 2. Then the dimension of the top Hochschild cohomology of A
is given by
dimkHH
n(A) =

Fn−1(y, Sx)
∏n
2
i=1 xiyi if n is even,
Fn+1(x, y)xn+1
2
∏n−1
2
i=1 xiyi − 2 if n is odd.
Proof. For n = 2m: Recall from Section 4.3 that (A!)n has a basis {βmαm · · · β2α2β1α1} and
(A!)n−1 has a basis {αm · · · β2α2β1α1}∪{βmαm · · · β2α2β1}, where βi ranges over {βi,1, . . . , βi,yi}
and αi ranges over {αi,1, . . . , αi,xi} for all 1 ≤ i ≤ m. All these basis elements of (A!)n are cycles
at 1. Therefore,
dimk HomkQe0((A
!)n, A) = dimk(e1Ae1)
⊕
∏
m
i=1 xiyi = Fn−1(y, Sx)
m∏
i=1
xiyi.
Here
∏m
i=1 xiyi is the dimension of (A
!)n, and dimk(e1Ae1) is the (1, 1)-entry in the Cartan
matrix, namely, Fn−1(y, Sx) by Lemma 4.1. The path βmαm · · · β2α1β1 in (A!)n−1 starts from
2 and ends at 1, so a morphism ϕ ∈ HomkQe0((A!)n−1, A) maps it to a linear combination of
paths in A starting from 2 and ending at 1. It follows that ϕ(βmαm · · · β2α1β1)α1 = 0 for all
ϕ ∈ HomkQe0((A!)n−1, A). Similarly, βmϕ(αm · · · β2α2β1α1) = 0 for all ϕ ∈ HomkQe0((A!)n−1, A).
We have shown that f∗ : HomkQe0((A
!)n−1, A)→ HomkQe0((A!)n, A) is trivial. Therefore,
dimkHH
n(A) = dimk HomkQe0((A
!)n, A) = Fn−1(y, Sx)
m∏
i=1
xiyi,
as desired.
For n = 2m + 1: Recall from Section 4.3 that (A!)n has a basis {αm+1βmαm · · · β2α2β1α1}
and (A!)n−1 has a basis {βmαm · · · β2α2β1α1} ∪ {αm+1βmαm · · · β2α2β1}, where βi ranges over
{βi,1, . . . , βi,yi} for all 1 ≤ i ≤ m and αi ranges over {αi,1, . . . , αi,xi} for all 1 ≤ i ≤ m + 1.
Therefore,
dimk HomkQe0((A
!)n, A) = dimk(e2Ae1)
⊕xm+1
∏
m
i=1 xiyi = Fn+1(x, y)xm+1
m∏
i=1
xiyi.
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The path αm+1βmαm · · · β2α2β1 of (A!)n−1 is a cycle at 2. A morphism ϕ ∈ HomkQe0(A!)n−1 → A
maps it to a linear combination of cycles of A at 2. All such cycles become trivial when composed
with α1 on the right, except the trivial circle e2. So
ϕ(αm+1βmαm · · · β2α1β1)α1 6= 0⇐⇒ ϕ(αm+1βmαm · · · β2α1β1) = e2.
Similarly,
αm+1ϕ(βmαm · · · β2α2β1α1) 6= 0⇐⇒ ϕ(βmαm · · · β2α2β1α1) = e1.
We have shown that the image of f∗ : HomkQe0((A
!)n−1, A) → HomkQe0((A!)n, A) has dimension
2. Therefore
dimkHH
n(A) = dimk HomkQe0((A
!)n, A)− 2 = Fn+1(x, y)xm+1
m∏
i=1
xiyi − 2,
as desired.
√
Recall that A1(x, y) = B(x1, 0) and A0(x, y) = B(0, 0). Thus by Corollary 3.8, we have
dimkHH
1(A1(x, y)) = x
2
1 − 1, HH0(A1(x, y)) = k and HH0(A0(x, y)) = k ⊕ k.
4.5. Derived simplicity. By combining the results in the previous sections we obtain the
derived simplicity of the algebras An(x, y) for all n ≥ 3.
Corollary 4.3. Let x, y, x′, y′ be four sequences of positive integers and n, n′ two non-negative
integers. If n 6= n′, then the algebras An(x, y) and An′(x′, y′) are not derived equivalent. Fur-
thermore, when n ≥ 3, the algebras An(x, y) are all derived simple.
Proof. To prove the first statement, let us suppose n > n′. If n ≥ 2, then HHn(An(x, y)) 6= 0
by Proposition 4.2, while HHn(An′(x
′, y′)) = 0 because n > n′ = gl.dimAn′(x
′, y′). So An(x, y)
and An′(x
′, y′) are not derived equivalent. If n = 1 and n′ = 0, then An′(x
′, y′) is semisimple,
while An(x, y) is not semisimple, so they are not derived equivalent.
In Section 4.3 we have already shown that An(x, y) has finite global dimension, whence it
is derived simple or derived equivalent to a quasi-hereditary algebra by Theorem 3.7. Thus
the second statement is an immediate consequence of the first one, since up to Morita equiva-
lence all quasi-hereditary algebras with two simple modules belong to the set {An(x, y) | n ≤
2, x, y arbitrary}. √
4.6. Further properties. In this subsection, we list some further properties of An(x, y) and
An(x, y)
! and leave the proof to the interested reader. We denote by S1, S2 and P1, P2 the simple
and indecomposable projective modules corresponding to the vertices 1 and 2, respectively.
Lemma 4.4. Fix two sequences of positive integers x, y.
(1) The socle of A2m(x, y) is a direct sum of copies of S2; the socle of A2m+1(x, y) is a direct
sum of copies of S1.
(2) The indecomposable projective modules of A2m(x, y) are obtained from those of A2m−1(x, y),
by adding ym copies of S2 to each subfactor S1.
(3) The indecomposable projective modules of A2m+1(x, y) are obtained from those of A2m(x, y),
by adding xm+1 copies of S1 to each subfactor S2.
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(4) The socle of An(x, y)
! is a direct sum of copies of the simple module S1.
(5) The module P2 over A2m(x, y)
! is the same as over A2m−1(x, y)
!; the module P1 over
A2m(x, y)
! is obtained from the P1 over A2m−1(x, y)
! by adding ym copies of P2 to the
top of P1.
(6) The module P1 over A
!
2m+1(x, y) is the same as P1 over A
!
2m(x, y); the module P2 over
A!2m+1(x, y) is obtained from the P2 over A
!
2m(x, y) by adding xm+1 copies of P1 to the
top of P2.
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